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HOLOMORPHIC HYPERSURFACES OF KA¨HLER MANIFOLDS WITH
NORDEN METRIC
GEORGI GANCHEV, KOSTADIN GRIBACHEV AND VESSELKA MIHOVA
Abstract. We study Ka¨hlerian manifolds with Norden metric g and develop the theory
of their holomorphic hypersurfaces with constant totally real sectional curvatures. We
prove a classification theorem for the holomorphic hypersurfaces of (R2n+2, g, J) with
constant totally real sectional curvatures.
On an almost Hermitian manifold (M,h, J) the restriction of the almost complex struc-
ture J on the tangent space at an arbitrary point of M is an isometry with respect to the
metric h. This relation between both structures J and h determines the almost Hermitian
geometry. On an almost complex manifold (M, g, J) with Norden metric g the restriction
of the almost complex structure J on the tangent space at an arbitrary point of M is an
anti-isometry with respect to the metric g. This relation between both structures J and g
determines the geometry of the almost complex manifolds with Norden metric. The basic
classes of such manifolds have been given in [2]. The most important of these classes
is the class of Ka¨hler manifolds with Norden metric. A four-dimensional example of a
Ka¨hler manifold with Norden metric has been given in [4]. Another approach to Ka¨hler
manifolds with Norden metric has been used in [5]. In [3], there has been proved that
the four-dimensional sphere of Kotel’nikov-Study carries a structure of a Ka¨hler manifold
with Norden metric.
An essential problem in the differential geometry of Ka¨hler manifolds is the investi-
gation of the complex space forms (Ka¨hler manifolds of constant holomorphic sectional
curvatures). The corresponding problem in the differential geometry of Ka¨hler manifolds
with Norden metric is to make a study of the manifolds with constant totally real sec-
tional curvatures ν and ν˜. In this paper we give examples of Ka¨hler manifolds with Norden
metric having prescribed curvatures ν and ν˜. We prove a classification theorem for the
holomorphic hypersurfaces of (R2n+2, g, J) with constant totally real sectional curvatures
ν and ν˜.
1. Algebraic preliminaries
Let g0 be the usual scalar product on R
n, i.e.
g0(ξ, η) = δij ξ
i ηj, ξ = (ξ1, ..., ξn) ∈ Rn, η = (η1, ..., ηn) ∈ Rn.
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The complex linearization G0 of g0 is a symmetric complex bilinear form on C
n. The
usual identification r of Cn with R2n is given by
r : z = (z1, ..., zn) ∈ Cn 7→ r(z) = Z = (x1, ..., xn; y1..., yn) ∈ R2n,
where zk = xk + i yk (k = 1, ..., n). The canonical complex structure J on R2n (induced
by the complex structure on Cn) is determined by the matrix(
0 In
−In 0
)
with respect to the natural basis of R2n. G0 induces two metrics on R
2n:
g := ReG0, g˜ := ImG0.
If Z = (x1, ..., xn; y1..., yn) ∈ R2n, then
(1.1)
g(Z,Z) = (x1)2 + ... + (xn)2 − (y1)2 − ...− (yn)2,
g˜(Z,Z) = 2(x1 y1 + ...+ xn yn).
For all Z, W in R2n the metric g and the complex structure J on R2n are related by the
equality g(JZ, JW ) = −g(Z,W ). The metric g˜ is said to be an associated (to g) metric
because of g˜(Z,W ) = g(JZ,W ). Both metrics are of signature (n, n).
The subgroup O(n;C) of GL(n,C) preserving G0 consists of the matrices α such that
ααt = In. If r is the real representation of GL(n,C), then r(O(n,C)) = r(GL(n,C)) ∩
O(n, n), i.e. for α = A+ i B ∈ O(n,C)
r(α) =
(
A B
−B A
)
, AAt −BBt = In, ABt +BAt = 0.
Thus, the group r(O(n,C)) consists of the matrices of GL(2n,R) preserving both struc-
tures J and g on R2n.
Now, let (V, g, J) be a 2n-dimensional real vector space with metric g and complex
structure J , so that g(Jx, Jy) = −g(x, y) for all x, y in V . The associated metric g˜ is
given by g˜(x, y) = g(Jx, y), x, y ∈ V . The group r(O(n,C)) is the group preserving both
structures g and J on V . There exist bases of V of the type {x1, ..., xn; Jx1, ..., Jxn} such
that g(xi, xj) = −g(Jxi, Jxj) = δij, g(xi, Jxj) = 0; i, j = 1, ..., n. Such bases are called
adapted bases with respect to g. The linear transformation of an adapted basis to another
one is given by a matrix of r(O(n,C)).
Definition 1.1. The matrix S ∈ GL(2n,R) is said to be holomorphic symmetric (h-
symmetric) if S ◦ J = J ◦ S and g(Sx, y) = g(x, Sy) for all x, y ∈ V .
It follows immediately that S ∈ GL(2n,R) is h-symmetric if and only if
g(Sx, y) = g(x, Sy), g˜(Sx, y) = g˜(x, Sy), x, y ∈ V.
Definition 1.2. Let S ∈ GL(2n,R) and S ◦ J = J ◦ S. The vector x ∈ V is said to be
holomorphic proper (h-proper) for S if
Sx = λx+ µJx; λ, µ ∈ R.
It is clear that S ∈ GL(2n,R) is h-symmetric if and only if r−1(S) is symmetric. This
implies
HOLOMORPHIC HYPERSURFACES OF KA¨HLER MANIFOLDS WITH NORDEN METRIC 3
Lemma 1.3. Let S ∈ GL(2n,R) be h-symmetric. Then there exists in V an adapted basis
of h-proper vectors of S. With respect to such a basis S has the form
S =
(
A B
−B A
)
, A =

 λ1 0. . .
0 λn

 , B =

 µ1 0. . .
0 µn

 ,
where λi, µi ∈ R, i = 1, ..., n.
2. Holomorphic umbilical hypersurfaces of Ka¨hler manifolds with
Norden metric
Let (M,J) (dimM = 2n) be an almost complex manifold. A metric g on M is said to
be a Norden metric if g(Jx, Jy) = −g(x, y) for all vector fields x, y on M . The metric g is
necessarily of signature (n, n). An almost complex manifold with Norden metric (M, g, J)
is said to be a Ka¨hler manifold with Norden metric if ∇J = 0 with respect to the Levi-
Civita connection of g [2]. The tangent space TpM, p ∈M , of an almost complex manifold
with Norden metric is a vector space with Norden metric g and complex structure J as
considered in section 1.
Let (M, g, J), (dimM = 2n) be a Ka¨hler manifold with Norden metric. The algebra
of the differentiable vector fields on M is denoted by XM . The curvature tensor R
of g is given by R(X, Y )Z = ∇X∇YZ − ∇Y∇XZ − ∇[X,Y ]Z for all X, Y, Z ∈ XM . The
curvature tensor R of type (0, 4) is defined by R(x, y, z, u) = g(R(x, y)z, u) for all x, y, z, u
in TpM, p ∈M , and has the property
R(x, y, z, u) = −R(x, y, Jz, Ju); x, y, z, u ∈ TpM, p ∈M.
This implies that the tensor R˜ defined by R˜(x, y, z, u) = R(x, y, z, Ju) has the property
R˜(x, y, z, u) = −R˜(x, y, u, z).
In the theory of Ka¨hler manifolds with Norden metric the following tensors are essential:
pi1(x, y, z, u) = g(y, z) g(x, u)− g(x, z) g(y, u),
pi2(x, y, z, u) = g˜(y, z) g˜(x, u)− g˜(x, z) g˜(y, u),
pi3(x, y, z, u) = −g(y, z) g˜(x, u) + g(x, z) g˜(y, u)− g˜(y, z) g(x, u) + g˜(x, z) g(y, u),
x, y, z, u ∈ TpM, p ∈M .
Every non degenerate with respect to g 2-plane β in TpM, p ∈ M , has two sectional
curvatures
K(β; p) =
R(x, y, y, x)
pi1(x, y, y, x)
, K˜(β; p) =
R˜(x, y, y, x)
pi1(x, y, y, x)
,
where {x, y} is a basis of β.
A 2-plane β in TpM, p ∈ M is said to be totally real if β 6= Jβ and β ⊥ Jβ with
respect to g.
Theorem 2.1. [1] Let M (dimM = 2n ≥ 4) be a Ka¨hler manifold with Norden metric.
M is of pointwise constant totally real sectional curvatures ν and ν˜, i.e.
K(β; p) = ν(p), K˜(β; p) = ν˜(p)
for an arbitrary non degenerate totally real 2-plane β in TpM, p ∈ M , if and only if
R = ν (pi1 − pi2) + ν˜ pi3.
Both functions ν and ν˜ are constant if M is connected and dimM ≥ 6.
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Let (M ′, g, J) (dimM ′ = 2n+ 2) be a Ka¨hler manifold with Norden metric and let ∇′,
R′ be the Levi-Civita connection and its curvature tensor, respectively. A submanifold
M (dimM = 2n) is said to be a holomorphic hypersurface of M ′ if the restriction of g on
M has a maximal rank and JTpM = TpM, p ∈ M . We denote the restrictions of g and
J on M by the same letters. Then, (M, g, J) is an almost complex manifold with Norden
metric. There exist locally vector fields ξ and Jξ normal to M , such that
(2.1) g(ξ, ξ) = −g(Jξ, Jξ) = 1, g(ξ, Jξ) = 0.
In fact, we can choose locally vector fields η and Jη normal to M such that g(η, η) =
−g(Jη, Jη) = 1. Putting g(η, Jη) = sinh t, we obtain that
ξ =
1
cosh t
{(
cosh
t
2
)
η +
(
sinh
t
2
)
Jη
}
, Jξ =
1
cosh t
{(
− sinh t
2
)
η +
(
cosh
t
2
)
Jη
}
satisfy (2.1).
If ∇ is the induced Levi-Civita connection on M , then the Gauß and Weingarten
formulas are
∇′XY = ∇XY + σ(X, Y ); X, Y ∈ XM,
∇′Xξ = −AX +DXξ; X ∈ XM,
where σ is the second fundamental form on M , A = Aξ is the second fundamental tensor
with respect to ξ, and D is the normal connection on M . Because of ∇′g = ∇′J = 0 and
g(σ(x, y), ξ) = g(Ax, y) = g(x,Ay); x, y ∈ TpM, p ∈M,
we obtain
(2.2)
σ(x, y) = g(Ax, y) ξ − g˜(Ax, y) Jξ;
σ(x, Jy) = σ(Jx, y) = Jσ(x, y);
AJξ = A ◦ J = J ◦ A;
Dxξ = DxJξ = 0, (∇xJ) y = 0
for arbitrary x, y ∈ TpM, p ∈M .
Thus, every holomorphic hypersurface M of M ′ is also a Ka¨hler manifold with Norden
metric and the Gauß and Weingarten formulas for M are
(2.3)
∇′XY = ∇XY + g(AX, Y ) ξ − g˜(AX, Y ) Jξ; X, Y ∈ XM,
∇′Xξ = −AX ; X ∈ XM.
From now on, (M ′, g, J) (dimM ′ = 2n+2) will stay for a Ka¨hler manifold with Norden
metric and (M, g, J) will stay for a holomorphic hypersurface of M ′.
Lemma 2.2. Let R′ and R be the curvature tensors of M ′ and M respectively. Then
(2.4)
R′(x, y, z, u) = R(x, y, z, u)− pi1(Ax,Ay, z, u) + pi2(Ax,Ay, z, u);
(R′(x, y)z)⊥ = g((∇xA)y − (∇yA)x, z) ξ − g˜((∇xA)y − (∇yA)x, z) Jξ;
R′(x, y)ξ = (∇yA)x− (∇xA)y
for all x, y, z, u ∈ TpM, p ∈M .
From Lemma 2.2 in a straightforward way we obtain
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Lemma 2.3. Let ρ′ and ρ be the Ricci tensors of M ′ and M respectively. Then
(2.5)
ρ′(x, y) = ρ(x, y)− (traceA) g(Ax, y) + (trace (A ◦ J)) g(Ax, Jy)
+2g(A2x, y) + 2R′(ξ, x, y, ξ).
Further, taking into account Theorem 2.1 and Lemma 2.3, we get
Lemma 2.4. Let M ′ be of constant totally real sectional curvatures ν ′ and ν˜ ′. Then
(2.6)
(∇xA)y = ∇yA)x;
ρ(x, y) = 2(n− 1)(ν ′ g(x, y)− ν˜ ′ g(x, Jy))
+(traceA) g(Ax, y)− (trace (A ◦ J)) g(Ax, Jy)− 2g(A2x, y)
for arbitrary vectors x, y ∈ TpM, p ∈M .
Let H be the mean curvature vector on M , i.e. H =
trace σ
2n
. Taking into account
(2.2), we get
(2.7)
H =
trace σ
2n
=
1
2n
((traceA) ξ − (trace (A ◦ J)) Jξ);
JH =
trace (J ◦ σ)
2n
=
1
2n
((trace (A ◦ J)) ξ + (traceA) Jξ);
(2.8)
g(H,H) =
(
traceA
2n
)2
−
(
trace (A ◦ J)
2n
)2
,
g˜(H,H) = 2
traceA
2n
trace (A ◦ J)
2n
.
These formulas imply that M is minimal if and only if traceA = trace (A ◦ J) = 0.
Definition 2.5. The manifold M is said to be holomorphically umbilical (h-umbilical) if
at every point of M
(2.9) σ = g
trace σ
2n
− g˜ trace (J ◦ σ)
2n
= g H − g˜ JH.
It is clear that if M is h-umbilical and minimal, then M is totally geodesic.
Let η be an arbitrary vector, normal toM at p ∈M , and Aη be the second fundamental
tensor with respect to η.
Definition 2.6. The manifold M is said to be h-umbilical with respect to η if
Aη =
traceAη
2n
I − trace (Aη ◦ J)
2n
J.
Using Lemma 2.2, it follows immediately
Lemma 2.7. If at a point p ∈M σ = g H − g˜ JH, then M is h-umbilical with respect to
every vector η normal to M at p.
Lemma 2.8. If there exists a vector η normal to M at p ∈M such that M is h-umbilical
with respect to η, then σ = g H − g˜ JH at p.
If M is umbilical, i.e. σ = g H , and M is in the same time h-umbilical, then H = 0
and M is totally geodesic.
From Lemma 2.2 and the equalities (2.7), (2.8), (2.9) we obtain
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Lemma 2.9. Let M be h-umbilical. Then
1) if M is totally real, i.e. H 6= 0, H ⊥ JH, then M is umbilical with respect to ξ
or Jξ, i.e. Aξ =
1
2n
(traceA) I or AJξ =
1
2n
(trace (A ◦ J)) I;
2) if H is isotropic, i.e. g(H,H) = 0, then M is umbilical with respect to H or JH,
i.e. AH =
1
n
(traceA) I or AJH =
1
n
(trace (A ◦ J)) I.
The h-umbilical holomorphic hypersurfaces have the following property.
Theorem 2.10. Let M ′ (dimM ′ = 2n + 2 ≥ 8) be of constant totally real sectional
curvatures ν ′ and ν˜ ′. If M is h-umbilical, then M is of constant totally real sectional
curvatures ν and ν˜ such that
ν = ν ′ + g(H,H), ν˜ = ν˜ ′ + g˜(H,H).
Proof. Since M ′ is of constant totally real sectional curvatures ν ′ and ν˜ ′, Theorem 2.1
implies
R′ = ν ′ (pi1 − pi2) + ν˜ ′ pi3.
Using Lemma 2.7, we find A =
1
2n
(traceA) I − 1
2n
(trace (A ◦ J)) J . Substituting R′ and
A into the first equality of (2.4), we obtain
R =
{
ν ′ +
(
traceA
2n
)2
−
(
trace (A ◦ J)
2n
)2}
(pi1−pi2)+
{
ν˜ ′ + 2
traceA
2n
trace (A ◦ J)
2n
}
pi3.
Applying Theorem 2.1 we get that M is of constant totally real sectional curvatures ν
and ν˜. Taking into account (2.8), we find
ν = ν ′ + g(H,H), ν˜ = ν˜ ′ + g˜(H,H).
QED
Corollary 2.11. Let M ′ (dimM ′ = 2n + 2 ≥ 8) be of constant totally real sectional
curvatures. If M is connected and h-umbilical, then on M
(1) g(H,H) = const, g˜(H,H) = const;
(2) traceA = const, trace (A ◦ J) = const.
Corollary 2.12. Let M ′ (dimM ′ = 2n + 2 ≥ 6) be of constant totally real sectional
curvatures ν ′ and ν˜ ′. If M is totally geodesic, then M is of constant totally real sectional
curvatures ν ′ and ν˜ ′.
3. Examples of Ka¨hler manifolds with Norden metric of constant
totally real sectional curvatures
Let M ′ = R2n+2 be equipped with the canonical complex structure J and the metric g,
given by (1.1). Then (M ′, g, J) is a Ka¨hler manifold with Norden metric. In this case the
curvature tensor R′ of M ′ is zero. Identifying the point z = (x1, ..., xn+1; y1, ..., yn+1) in
M ′ with the position vector Z, we define the submanifold S2n(z0; a, b) by the equalities
(3.1) g(Z − Z0, Z − Z0) = a,
(3.2) g˜(Z − Z0, Z − Z0) = b,
where a, b ∈ R, (a, b) 6= (0, 0).
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S2n is a 2n-dimensional submanifold of M ′ and the vectors Z − Z0 and J(Z − Z0) are
perpendicular to TzS
2n. The condition (a, b) 6= (0, 0) implies that the rank of g on TzS2n
is equal to 2n and TzS
2n is J-invariant, i.e. S2n is a holomorphic hypersurface of M ′.
Definition 3.1. The holomorphic hypersurface S2n(z0; a, b) of R
2n determined by the
equalities (3.1) and (3.2) is said to be an h-sphere with a center z0 and parameters a, b.
In the case a = 1, b = 0 S2n(z0; 1, 0) is the sphere of Kotel’nikov-Study [3].
Let us consider the vector fields {ξ, Jξ} normal to S2n and satisfying (2.1). We have
(3.3) ξ = −λZ − µJZ, Jξ = µZ − λJZ.
Taking into account (3.1) and (3.2) we obtain
(3.4) λ2 − µ2 = a
a2 + b2
, 2λµ =
b
a2 + b2
.
Thus, for λ and µ we have
λ2 =
√
a2 + b2 + a
2(a2 + b2)
, µ2 =
√
a2 + b2 − a
2(a2 + b2)
, sign (λµ) = sign b.
Let X be a vector in TzS
2n. Using (3.2) we find
−AX = ∇′Xξ = −λ∇′XZ − µJ∇′XZ.
Since ∇′ is flat, then ∇′XZ = X , Z being the position vector field. Hence, A = λI + µJ .
The last formula implies that S2n is h-umbilical with respect to ξ and
λ =
1
2n
traceA, µ = − 1
2n
trace (A ◦ J).
Applying Lemma 2.8, Theorem 2.10 and (3.4), we obtain
Theorem 3.2. Every h-sphere S2n(z0; a, b) in R
2n+2 (2n+ 2 ≥ 6) is an h-umbilical holo-
morphic hypersurface of constant totally real sectional curvatures
(3.5) ν =
a
a2 + b2
= g(H,H), ν˜ =
−b
a2 + b2
= g˜(H,H).
Thus, we obtain holomorphic hypersurfaces of R2n+2 with prescribed constant totally
real sectional curvatures.
Theorem 3.3. Let ν and ν˜ (ν2+ν˜2 > 0) be real numbers. Then S2n
(
z0;
ν
ν2 + ν˜2
,
−ν˜
ν2 + ν˜2
)
(n ≥ 2) is an h-sphere in R2n+2 of constant totally real sectional curvatures ν and ν˜.
The following special cases are worth to be noted:
1) S2n(z0; a, 0). In this case ν = (1/a), ν˜ = 0. Hence, the sphere of Kotel’nikov-
Study has constant totally real sectional curvatures ν = 1, ν˜ = 0.
2) S2n(z0; 0, b). In this case ν = 0, ν˜ = −(1/b).
Definition 3.4. The h-sphere S¯2n(z0; a,−b) is said to be conjugate to the h-sphere
S2n(z0; a, b).
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If S2n has constant totally real sectional curvatures ν and ν˜, than Theorem 3.3 and
(3.5) imply S¯2n has constant totally real sectional curvatures ν and −ν˜.
IfM is a holomorphic hyperplane in R2n+2, thenM is of totally real sectional curvatures
ν = ν˜ = 0.
The hypersurface of R2n+2 given by the equations (3.1) and (3.2) with a = b = 0 is an
example of a holomorphic isotropic hypersurface of R2n+2.
4. A classification of the holomorphic hypersurfaces of constant
totally real sectional curvatures in R2n+2
In the previous section we proved that the holomorphic hyperplanes and the h-spheres
have constant totally real sectional curvatures. In this section we consider the inverse
question.
Theorem 4.1. Let M ′ (dimM ′ = 2n+ 2 ≥ 8) be a Ka¨hler manifold with Norden metric
of constant totally real sectional curvatures ν ′ and ν˜ ′. If M is a holomorphic hypersurface
of M ′ with constant totally real sectional curvatures ν and ν˜, then M is h-umbilical.
Proof. Since M ′ and M are of constant totally real sectional curvatures Theorem 2.1
and Lemma 2.4 imply
(4.1) 2A2y = (traceA)Ay − (trace (A ◦ J)) JAy + 2(n− 1){(ν ′ − ν) y + (ν˜ ′ − ν˜) Jy}
for arbitrary y ∈ TpM, p ∈M .
Applying Lemma 1.3 to the h-symmetric operator A, we get
(4.2) Axk = λk xk + µk Jxk, AJxk = −µk xk + λk Jxk, k = 1, ..., n,
where {x1, ..., xn; Jx1, ..., Jxn} is an adapted basis for TpM, p ∈ M , of h-proper vectors
of A.
Using the first formula of (2.4) and (4.2) we find
(4.3) ν ′ − ν = µj µk − λj λk, ν˜ ′ − ν˜ = λj µk + λk µj, j 6= k.
Substituting (4.2) in (4.1) and taking into account (4.3) we check
traceA = 2(λj + (n− 1)λk) = 2(λk + (n− 1)λj); j 6= k,
trace (A ◦ J) = −2(µj + (n− 1)µk) = −2(µk + (n− 1)µj); j 6= k.
Since n ≥ 3 these equalities imply λj = λ, µj = µ for all j = 1, ..., n. Hence, because
of (4.2)
A =
1
2n
(traceA) I − 1
2n
(trace (A ◦ J)) J.
Applying Lemma 2.8 we obtain the proposition. QED
Corollary 4.2. Let M ′ and M be as in Theorem 4.1. M is totally geodesic if and only if
ν ′ = ν and ν˜ ′ = ν˜.
The statement follows from (4.3) taking into account λj = λ, µj = µ (j = 1, ..., n).
Corollary 4.3. Let M be a holomorphic hypersurface of R2n+2 (2n + 2 ≥ 8) with con-
stant totally real sectional curvatures ν and ν˜. Then M is h-umbilical and g(H,H) =
ν, g˜(H,H) = ν˜.
Corollary 4.4. Let M be a holomorphic hypersurface of R2n+2 (2n + 2 ≥ 8) with zero
totally real sectional curvatures. Then M is totally geodesic.
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Theorem 4.5. Let M be a connected holomorphic h-umbilical hypersurface in R2n+2
(2n+ 2 ≥ 8). Then M lies on an h-sphere or on a holomorphic hyperplane.
Proof. Let U be a coordinate neighborhood on M and {ξ, Jξ} be normal vector fields
on U, satisfying (2.1). From the condition of the theorem we have A = λI + µJ on U,
where
λ =
1
2n
traceA, µ = − 1
2n
trace (A ◦ J).
Theorem 2.10 implies that M is of constant totally real sectional curvatures ν = λ2− µ2,
ν˜ = −2λµ. Hence λ = const, µ = const on U.
Identifying z ∈ U with the position vector Z in R2n+2 we consider the vector field
ξ + λZ + µJZ on U. Using the Weingarten formula and taking into account that ∇′ is
flat, we obtain
∇′x(ξ + λZ + µJZ) = −AX + λX + µJX = 0
for arbitrary vector field X on U tangent to M . The last equality implies
(4.4) ξ + λZ + µJZ = const.
Let λ2 + µ2 > 0. Then (4.4) can be written in the form
ξ + λZ + µJZ = λZ0 + µJZ0, Z0 = const.
From here we find
Z − Z0 = −λξ + µJξ
λ2 + µ2
, J(Z − Z0) = −µξ − λJξ
λ2 + µ2
.
Thus, for every z ∈ U
g(Z − Z0, Z − Z0) = λ
2 − µ2
(λ2 + µ2)2
, g˜(Z − Z0, Z − Z0) = 2λµ
(λ2 + µ2)2
.
Hence, U lies on a h-sphere S2n with a center z0 and parameters
λ2 − µ2
(λ2 + µ2)2
,
2λµ
(λ2 + µ2)2
.
So we proved that for every z ∈ M there exists U ∋ z such that U lies on an h-sphere
S2n.
Let U be a fixed coordinate neighborhood and S2n be the h-sphere such that U ⊂ S2n.
M0 will stand for the set of points z in M belonging to S
2n together with a neighborhood
Vz ∋ z. Obviously M0 6= ∅ and M0 is open.
Let w be in the closure M0 of M0. Then there exists W ∋ w and W lies on an h-sphere
S2n1 . The open set W ∩M0 6= ∅ lies on S2n1 and on S2n. Hence, S2n1 = S2n and M0 = M
because of the connectedness of M .
In the case λ = µ = 0 from (4.4) it follows ξ = const on U. If X is a vector field on U
tangent to M and z ∈ U, then ∇′Xg(Z, ξ) = g(X, ξ) = 0. From here it follows that
g(Z, ξ) = const = g(Z0, ξ), g˜(Z, ξ) = g˜(Z0, ξ)
and U lies on the holomorphic hyperplane
(4.5) g(ξ, Z − Z0) = 0, g˜(ξ, Z − Z0) = 0.
Further, as in the previous case, it follows that M lies on the holomorphic hyperplane
(4.5). QED
Using theorems 4.1 and 4.5 we obtain the following classification theorem.
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Theorem 4.6. Let M be a connected holomorphic hypersurface of (R2n+2, g, J) (n+ 1 ≥
4). If M is of constant totally real sectional curvatures ν and ν˜, then
1) M lies on an h-sphere S2n with parameters
ν
ν2 + ν˜2
,
−ν˜
ν2 + ν˜2
, when ν2 + ν˜2 > 0;
2) M lies on a holomorphic hyperplane, when ν = ν˜ = 0.
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